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Evidence for X(3872) from DD∗ scattering on the lattice
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A candidate for the charmonium(like) state X(3872) is found 11±7 MeV below theDD¯∗ threshold
using dynamical Nf = 2 lattice simulation with J
PC = 1++ and I = 0. This is the first lattice
simulation that establishes a candidate for X(3872) in addition to the nearby scattering states DD¯∗
and J/ψ ω, which inevitably have to be present in dynamical QCD. We extract large and negative
DD¯∗ scattering length aDD
∗
0 = −1.7± 0.4 fm and the effective range r
DD∗
0 = 0.5± 0.1 fm, but their
reliable determination will have to wait for a simulation on a larger volume. In I = 1 channel, only
the DD∗ and J/ψ ρ scattering states are found and no candidate for X(3872). This is in agreement
with the interpretation that X(3872) is dominantly I = 0, while its small I = 1 component arises
solely from the isospin breaking and is therefore absent in our simulation with mu = md.
PACS numbers: 11.15.Ha,12.38.Gc,14.40.Pq, 13.25.Gv
The narrow charmonium(like) state X(3872) with
mexpX = 3871.68 ± 0.17 MeV [1] has been confirmed by
many experiments since its discovery [2], but its quan-
tum numbers have been unambiguously determined to
be JPC = 1++ only very recently [3]. Experimentally it
is found within 1 MeV of the D0D¯0∗ threshold and has
an interesting feature that it decays to isospin zero J/ψ ω
as well as isospin one J/ψ ρ states.
Theoretically it has been addressed within a great
number of phenomenological models (for review see
[4, 5]). The JPC = 1++ charmonium channel with I = 0
has been simulated recently also in lattice QCD using
only c¯c interpolating fields, where impressive JPC iden-
tification was made in [6], the continuum and chiral ex-
trapolations were considered in [7–9], while a recent re-
view on charmonium results from lattice is given in [10].
However, X(3872) has never been unambiguously iden-
tified from a lattice simulation yet. Several simulations
[6, 8, 9, 11] in fact found one state near E ≃ mexpX , but
it was impossible to unambiguously determine whether
this state is X(3872) or the scattering state DD¯∗, which
should in principle also appear as an energy level at very
similar energy in a dynamical lattice QCD.
There was one simulation that employed c¯c as well
as DD¯∗ interpolating fields, but the results could not
support or disfavor the existence of X(3872), since only
the lowest two energy levels in 1++ channel were ex-
tracted [12]. The same holds for [13], where only one
level near the DD¯∗ threshold was extracted using var-
ious four-quark interpolators. Examples of results for
near-threshold bound states in other channels are pre-
sented in [14–20].
The purpose of our present simulation is to identify the
low-lying χc1(1P ) and X(3872) as well as all the nearby
discrete scattering levels DD¯∗ and J/ψ ω for I = 0. The
number of energy levels near DD¯∗ threshold will indicate
∗ sasa.prelovsek@ijs.si
whether we observe a candidate for X(3872) or not. We
search for X(3872) also in the I=1 channel.
In lattice QCD simulations the states are identified
from discrete energy-levels En and in principle all phys-
ical eigenstates with the given quantum number appear.
We employ JPC = 1++, I = 0 or I = 1 and total momen-
tum zero. So the eigenstates are also the s-wave scatter-
ing states D(p)D¯∗(−p) and J/ψ(p)V (−p) with discrete
momenta p due to periodic boundary conditions in space,
where V = ω for I = 0 and V = ρ for I = 1. If the two
mesons do not interact then p = pn.i. = 2piL |n| and the
scattering levels appear at En.i. = E1(p
n.i.) + E2(p
n.i.).
In the presence of interaction, the scattering levels E =
E1(p) +E2(p) are shifted with respect to E
n.i. since mo-
mentum p outside the interaction region is different from
pn.i. = 2piL |n|. This energy shift provides rigorous infor-
mation on the DD¯∗ interaction. Bound states and reso-
nances lead to levels in addition to the scattering levels
and our major task is to look for these additional levels.
Our simulation is based on one ensemble of Clover-
Wilson dynamical and valence u, d quarks with mu=md
and mval = mdyn, corresponding to mpi = 266(4) MeV.
The lattice spacing is a = 0.1239(13) fm, the volume
is V = 163 × 32 and the small spatial size L ≃ 2 fm is
the main drawback of our simulation considering that
X(3872) is probably large in size. Our exploratory re-
sults might therefore have sizable finite-volume correc-
tions. The main purpose of this paper is, however, count-
ing the number of lattice states near DD¯∗ threshold in
order to establish the existence of X(3872).
The charm quarks are treated using the Fermilab
method [21], according to which E − 14 (m0− +3m1−)
are compared between lattice and experiment. The
mc is fixed by tuning the spin-averaged kinetic mass
1
4 (mηc + 3mJ/ψ) to its physical value [11]. We employed
the same method on this ensemble and found good agree-
ment with experiment for conventional charmonium spec-
trum as well as masses and widths of charmed mesons in
[11]. The present study also needs the following masses
for our ensemble: amD=0.9801(10), amD∗=1.0629(13),
2amηc = 1.47392(31), amJ/ψ = 1.54171(43) [11], amρ =
0.5107(40) and mω≃mρ within errors.
The energy levels En and overlaps Z
n
i ≡ 〈Oi|n〉 of
eigenstates n are extracted from the correlation matrix
Cij(t) = 〈O†i (t+ tsrc)|Oj(tsrc)〉 =
∑
n
Zni Z
n∗
j e
−Ent (1)
which are averaged over every second tsrc. We choose
interpolating fields Oi that couple well to c¯c as well as the
scattering states to study the system with JPC = 1++
(1), total momentum zero and I = 0 or I = 1
Oc¯c1−8 = c¯Mˆic(0) (only I = 0) (2)
ODD
∗
1 = [c¯γ5u(0) u¯γic(0)− c¯γiu(0) u¯γ5c(0)] + fI{u→ d}
ODD
∗
2 = [c¯γ5γtu(0) u¯γiγtc(0)− c¯γiγtu(0) u¯γ5γtc(0)]
+ fI {u→ d}
ODD
∗
3 =
∑
ek=±ex,y,z
[c¯γ5u(ek) u¯γic(−ek)− c¯γiu(ek) u¯γ5c(−ek)]
+ fI {u→ d}
O
J/ψV
1 = ǫijk c¯γjc(0) [u¯γku(0) + fI d¯γkd(0)]
O
J/ψV
2 = ǫijk c¯γjγtc(0) [u¯γkγtu(0) + fI d¯γkγtd(0)] ,
where fI = 1 and V = ω for I = 0, while fI =−1 and
V = ρ for I = 1. Eight Oc¯c are listed in Table X of
[11] and polarization i= x is used. Momenta are pro-
jected separately for each meson current: q¯1Γq2(n) ≡∑
x e
i2pinx/Lq1(x, t)Γq2(x, t) All quark fields are smeared
q ≡ ∑Nvk=1 v(k)v(k)†qpoint [11, 22] with Nv = 96 Lapla-
cian eigenvectors for Oc¯c, ODD∗1 , OJ/ψV1 , and Nv = 64
for the remaining three. The energy of J/ψ(1)V (−1) is
expected at least 200 MeV above the region of interest,
so the corresponding interpolator is not implemented.
We calculate all Wick contractions (Figs. 1a, 1b of
Supplemental Material) to the correlation matrix Cij(t)
(13×13 for I = 0 and 5×5 for I = 1) using the distillation
method [22]. Certain charm annihilation contractions are
found to be very noisy like in previous simulations. Their
effect on I = 0 charmonium states is suppressed due to
the Okubo-Zweig-Iizuka rule, it was explicitly verified to
be very small in [23] and we postpone the study of their
effects to a future publication. In the present paper we
present results, where Cij(t) contains all contractions,
except for those where c quark does not propagate from
source to sink (results are based on contractions in Fig.
1a of the Supplemental Material).
The energiesEn and overlaps 〈Oi|n〉 are extracted from
the time-dependence of the correlation matrix Cij(t)
using the generalized eigenvalue method C(t)un(t) =
1 We employ irreducible representation T++1 of the lattice symme-
try group Oh, which contains J
PC = 1++ and in general also
JPC ≥ 3++ states, but those are at least 200 MeV above the
region of interest [11].
λn(t)C(t0)un(t) [24, 25]. Results are consistent for
range 2 ≤ t0 ≤ 6 and we present them for t0 = 2,
when the highest level is least noisy. The eigenvalues
λn(t) → e−En(t−t0) give the effective energies Eeffn (t) ≡
log[λn(t)/λn(t+1)]→ En plotted in Fig. 1, which equal
the energies En in the plateau region. Ratios of overlaps
for state n to two different interpolators [25]
〈Oi|n〉
〈Oj |n〉 =
∑
k Cik(t)u
n
k (t)∑
k′ Cjk′ (t)u
n
k′(t)
(3)
evaluated at t = 8 are also shown (they are obtained from
the full interpolator basis but only few representative Oi
are shown). We verify that ratios are almost independent
of time for 6≤ t≤10, indicating that our eigenstates n in
Fig. 1 do not change composition in time.
The main result of our simulation is the discrete spec-
trum for JPC = 1++ and I = 0, 1 in Fig. 1. Accord-
ing to the Fermilab method for treating charm quark,
we are presenting the difference of E and the spin-
average 14 (mηc + 3mJ/ψ) [11], both evaluated from sim-
ulation. The horizontal lines represent energies of the
non-interacting scattering states En.i. on our lattice.
Results for I=1: This channel cannot contain pure c¯c.
The lowest three levels are D(0)D¯∗(0), J/ψ(0)ρ(0) and
D(1)D¯∗(−1) and we verify that their overlaps are in-
deed largest with ODD∗1,2 , OJ/ψρ1,2 and ODD
∗
3 , respectively.
Their energies are almost equal to non-interacting ener-
gies En.i. represented by the horizontal lines, which in-
dicates that the interaction in I=1 channel is small. We
find no extra state in addition to the scattering states in
the I=1 channel, thus no candidate state for X(3872).
The sizable decay X(3872) → J/ψ ρ in experiment
makes this state particularly interesting and gives rise
to two popular interpretations. Both are based on the
isospin breaking with the dominant effect coming from
the 8 MeV isospin splitting of the D0D¯0∗ and D+D¯−∗
[26, 27]. The first interpretation is based on X(3872)
with I = 0 and the isospin is broken in the decay. The
second possibility is that X(3872) is a linear combina-
tion |X(3872)〉 = aI=0|DD∗〉I=0 + aI=1|DD∗〉I=1 with
aI=1 ≪ aI=0 and aI=1(mu=md)= 0 [26, 27]. Our non-
observation of X(3872) with I = 1 is in agreement with
both interpretation due to exact isospin with mu=md in
our simulation. Another possibility is that five I=1 scat-
tering interpolators (2) are not diverse enough to render
X(3872), which calls for simulations including also other
types of I = 1 interpolators in the future.
Results for I=0: The lowest energy state in Fig. 1 is
the conventional χc1(1P ). The energy state represented
by the triangles is J/ψ(0)ω(0); it disappears if OJ/ψω1,2
is not used in the basis of Cij(t), leaving the remain-
ing energies and overlaps almost unmodified (Fig. 1b),
which indicates that J/ψ ω is not significantly coupled
to the rest of the system. The diamonds correspond to
D(1)D∗(−1) and have largest overlap to ODD∗3 .
There are two remaining levels (circles and stars) in
Figs. 1a and 1b and one of them has to be D(0)D¯∗(0).
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FIG. 1. Upper figure: symbols represent En −
1
4
(mηc + 3mJ/ψ) in the plateau region, where En are energies of the eigenstates
n in the JPC = 1++ channel (n = 1, 2, .. starting from the lowest state). The choice of the interpolator basis (2) is indicated
above each plot. Dashed lines represent energies En.i. of the non-interacting scattering states. Lower figure: overlaps 〈Oi|n〉
of eigenstates n (from the upper figure) with interpolators Oi, all normalized to 〈O
c¯c
1 |n〉. Note that all 〈O
DD∗,J/ψω
i |n〉/〈O
c¯c
1 |n〉
depend on one (arbitrary) choice for the normalization of the current q¯1Γq2(n) with a given quark smearing. The plotted ratios
correspond to choice presented in the main text.
The other level is an evidence for the presence of a physi-
cal state in the energy region near DD¯∗ threshold and we
believe it is related to experimentalX(3872). We empha-
size again that no lattice simulation has found evidence
for X(3872) in addition to the scattering states yet.
One expects two possible interpretations of the energy
levels with circles and stars in Figs. 1a,b, but the quan-
titative analysis rules out the second option:
1. Stars correspond to a weakly bound state X(3872)
slightly below DD¯∗ threshold and circles corre-
spond to the scattering state D(0)D¯∗(0), which is
significantly shifted up due to a large negativeDD¯∗
scattering length aDD
∗
0 ≡ limp→0 tan(p)/p.
This is exactly a scenario envisaged for one shallow
bound state on the lattice [15] and confirmed for
deuteron in [19, 20]. Levinson’s theorem requires
the DD¯∗ phase shift to start at δ(p=0)=π and fall
down to δ(p→∞)= 0 for one near-threshold bound
state. This implies negative aDD
∗
0 and positive en-
ergy shift of D(0)D¯∗(0) [28].
2. The other possibility would be to identify the circles
with a resonance above DD¯∗ threshold and stars
with the down-shifted D(0)D¯∗(0) scattering level
arising from the attractive interaction with positive
aDD¯
∗
0 . This interpretation is however ruled out for
our data which leads to aDD∗0 < 0 in Eq. (6) below.
We conclude that X(3872) is related to the energy level
indicated by stars in Fig. 1a,b.
An interesting question is whether X(3872) is accom-
panied slightly heavier state, sometimes called χc1(2P ),
with the same quantum numbers. Fig. 1a shows that
we do not find a candidate for such a state for E <
4level fit En−
1
4
(mηc+3mJ/ψ) p
2 p · cot δ(p)
n t [MeV ] [GeV2] [GeV]
1 6-11 429(3) / /
2 8-11 785(8) −0.075(15) −0.21(5)
3 6-9 946(11) 0.231(22) 0.17(9)
4 7-10 1028(18) / /
TABLE I. The energies extracted from the one-exponential
correlated fit of the 6 × 6 Cij(t) based on O
c¯c
1,3,5, O
DD∗
1,2,3 and
t0=2. The p denotes D and D
∗ momentum and δ(p) denotes
their scattering phase shift.
X(3872) mX−
1
4
(mηc+3mJ/ψ) mX−(mD0+mD0∗)
latL→∞ 815± 7 MeV −11± 7 MeV
exp 804± 1 MeV −0.14± 0.22 MeV
TABLE II. mX(3872) from lattice and experiment [1, 29].
4100 MeV, in agreement with experiment which also fails
to find another 1++ state nearby. Our results there-
fore allow the possibility for interpreting X(3872) as
χc1(2P ) = c¯c accidentally aligned with DD¯
∗ threshold.
We find χc1(1P ) but no candidate forX(3872) in I = 0
channel if the interpolator basis consists only of five scat-
tering interpolators (Fig. 1d). Perhaps this can be un-
derstood if X(3872) is a consequence of accidental align-
ment of the cc¯ state with DD¯∗ threshold, which may be
absent in practice if Oc¯c are not explicitly incorporated.
The phase shifts δ(p) for the s-wave DD¯∗ scatter-
ing are extracted using the well-established and rigorous
Lu¨scher’s relation [28]
p · cot δ(p) = 2 Z00(1; q
2)√
πL
, q2 ≡
(
L
2π
)2
p2 , (4)
which applies for elastic scattering below and above
threshold. The D and D¯∗ momentum p is extracted
from En = ED(p) + ED∗(p) using dispersion relations
ED,D∗(p) [11] and En=2,3 from Fig. 1b and Table
I. These energies result from correlation matrix with
Oc¯c, ODD∗ but without OJ/ψω, so we expect that the
effect of the J/ψω is negligible2.
The resulting p cot δ in Table I for p2 slightly below and
above threshold can be described by the effective range
approximation for DD¯∗ scattering in s-wave
p cot δ(p) =
1
aDD∗0
+
1
2
rDD∗0 p
2 . (5)
Inserting p cot δ(p) and p2 for levels n = 2, 3 to (5), we
get two relations which render the (DD¯∗)I=0 scattering
2 Which is confirmed by comparing Figs. 1a and 1b.
length and the effective range at our mpi ≃ 266 MeV
aDD
∗
0 = −1.7± 0.4 fm , rDD
∗
0 = 0.5± 0.1 fm . (6)
The infinite volume DD¯∗ bound state (BS) appears
where S-matrix, S ∝ (cot δ(p)−i)−1, has a pole, so for the
value of p2BS < 0 where cot δ(pBS) = i. The DD¯
∗ bound
state X(3872) appears near threshold, so we determine
the binding momentum p2BS = −0.020(13) GeV2 which
corresponds to cot δ(pBS) = i from the effective range
approximation (5) and the parameters (6). This bind-
ing momentum then renders the position of the bound
state X(3872) in the infinite volume via mlatX (L→∞) =
ED(pBS) + ED∗(pBS)
3 and the resulting mass in Table
II is rather close to the experimental value.
The errors correspond to statistical errors based on
single-elimination jack-knife. The largest systematic un-
certainty is expected from the finite volume corrections
and we estimate that mX on the DD
∗ threshold is also
allowed within our systematic errors, while mX above
threshold is not supported due to aDD∗0 <0 (6). Simula-
tions on larger volumes will have to be performed to get
more reliable result formX−mD−mD∗ , and the prospects
are discussed in the Supplemental Material. The varia-
tion of mX with mpi = [140, 266] MeV is within this un-
certainty according to the analytic study based on the
molecular picture [30].
Concerning the composition of our candidate for
X(3872), Fig. 1 shows its representative overlaps
〈Oi|n = 2〉. It has particularly sizable overlaps with
c¯c and D(0)D∗(0) interpolators, and has non-vanishing
overlaps with the remaining ones. Note that the aim of
the present paper was not to choose between most pop-
ular interpretations (c¯c state accidentally aligned with
DD∗ threshold or DD¯∗ molecule, etc. ), but rather to
find a candidate forX(3872) on the lattice and determine
it’s mass.
In conclusion, a candidate for X(3872) is found
11 ± 7 MeV below the DD¯∗ threshold using two-flavor
dynamical lattice simulation with JPC = 1++ and I=0.
In the simulation, the X(3872) appears in addition to
the nearby DD¯∗ and J/ψ ω discrete scattering states,
and we extract large and negative DD¯∗ scattering
length. We do not find a candidate for X(3872) in the
I=1 channel, which may be related to the exact isospin
in our simulation.
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6I. SUPPLEMENTAL MATERIAL TO
“EVIDENCE FOR X(3872) FROM DD∗
SCATTERING ON THE LATTICE”
Wick contractions
Figure 1 presents the Wick contractions that enter
the correlation matrix Cij(t) (1) for the interpolators
(2) in the main article. We evaluate all contractions
from Fig. 1a and 1b. The contractions in Fig. 1b in-
volve charm annihilation and their effects on the char-
monium(like) states are expected to be suppressed due
to Okubo-Zweig-Iizuka rule. The results presented in
the main article are based on all contractions in Fig. 1a
(a.1, a.2, ..., a.13).
Finite volume effects and outlook
We conclude by considering the finite volume effects
in view of future prospects. The largest systematic un-
certainty for a shallow bound state like X is expected
from the finite volume corrections and the leading ef-
fect was taken into account by calculating mL→∞X as
shown in the main article. Simulations on larger vol-
umes will have to be performed to get more reliable
result for mX −mD −mD∗ . The relative uncertainty
on mX −mD −mD∗ is more challenging for the state
that is closer to the threshold also because the spa-
tial size of state is expected to be larger. Calculating
mX−mD−mD∗ with decent relative uncertainty will def-
initely be challenging for a state which lies within 1 MeV
from the threshold experimentally. Note that simula-
tions on larger volumes will be more challenging also since
the scattering states D(p)D∗(−p) with p ≃ 2piL |n| will be
spaced by less than 200 MeV for L > 2 fm and energy
spectrum will be denser than in Fig. 1 of the main article.
7a.1 a.2 b.1 b.2
a.3 a.4 b.3 b.4
a.5 a.6 b.5 b.6
a.7 a.8 b.7 b.8
a.9 a.10 b.9 b.10
a.11 a.12 b.11 b.12
a.13 b.13
FIG. 2. Wick contractions that enter the correlation matrix Cij(t) (1) for the interpolators (2) in the main article. The red
solid line represents c quark, while black dashed line represents u or d quark.
